In [3] , A. Brunei and M. Keane defined uniform sequences for increasing sequences of positive integers and proved that if φ is a measure preserving transformation on a finite measure space then for any uniform sequence k ί} jfc 2 , and for any integrable function /, Cesaro averages of f{φ ki ) converge almost everywhere. The author [13] , [14] has recently generalized and extended this result to one at the operator theoretic level. On the other hand, the work of G.-C. Rota [11] suggests that it would be of interest to consider the almost everywhere convergence of Abel averages for uniform sequences. These are the starting points for the study in this paper.
2/ Main results* Let {Ω,^,m)
be a ^-finite measure space with positive measure m and L P (Ω) -L P (Ω, &, m) , 1 ^ p ^ °o, the usual (complex) Banach spaces. Let T be a positive linear operator from L\Ω) to L\Ω) with HΓH^l. We shall say that the Abelindividual ergodic theorem holds for T if for any uniform sequence k l9 h 2 , ••• (for the definition, see [3] ) and for any feL\Ω), the limit exists almost everywhere and / e L\Ω). The main results of this paper are the following two theorems. (Ω) . The last section is concerned with point transformations from Ω into Ω. A necessary and sufficient condition that a measure preserving transformation on a probability space be weakly mixing is given in terms of Abel-ergodίc limits.
3* Proofs of the main theorems* 3.1. Proof of Theorem 1. Our proof is similar to that given in [14] . Let k l9 k 2 , be a uniform sequence, and let (X, 3f, μ, φ) and y, Y be the apparatus [3] connected with this sequence. Φ will denote the operator on L\X) induced by <p. Taking (Ω\ &\ m') to be the direct product of (Ω, &, m) and (X, ^7, μ) and T the direct product of T and Φ, it follows that V is a positive linear operator from &{Ω r ) to Uψ') and || T'||i ^ 1. Since || T\\ p ^ 1 by hypothesis, it also follows that T maps
(Ω) and / ^ 0. As in [3] , for any fixed ε > 0, choose open subsets Y\ Y" and W of X such that Y'czY(zY",μ(Y" -Y') <e,yeW, and for any xeW and any
Since every Cesaro summable sequence is Abel summable (see, for example, [16, Chapter III] ), it follows from [1] that
ABEL-ERGODIC THEOREMS FOR SUBSEQUENCES 235 exist and are finite almost everywhere. Clearly g f and g" belong to L V {Ω'). It aflso follows from Cohen's mean ergodic theorem [7] that
and
Since ϊ 7 is positive, it follows that
almost everywhere onflx W. Thus for any Ω L e ^ with m{Ω^ < we have
Since ε > 0 is arbitrary, this demonstrates that S(co) = s(α>) almost everywhere on Ω x . Since (i3, ^, m) is a cr-finite measure space, we conclude that f{ω) has at least unit radius of convergence as a power series in r, it follows from the Banach convergence theorem [8] that for any feL ι {Ω), the limit fa -π exists and is finite almost everywhere. Fatou's lemma implies now that feU(Ω).
This completes the proof of Theorem 1.
Proof of Theorem 2. If we define an integrable function
is weakly sequentially compact in L ι {Ω'). Thus Cohen's mean ergodic theorem [7] implies that there exists a function g f in L\Ω f ) such that TV = flr' and lim 11 (1 - = l^'l^dm' = 0 .
Since h! is strictly positive, it follows that m f {B f ) = 0. Consequently A f c Ω' -C". On the other hand, it is clear that A' => Ω f -C\ Let /' be any function in L\Ω'). It follows that
almost everywhere on A' On the other hand,
exists and is finite almost everywhere on Ω' -A', since the right hand side of the last formula exists and is finite almost everywhere on Ω r -A! by the ergodic theorem of Baez-Duarte [2] . This together with the fact that the average converges in the norm of Z/(ί2') to a function in L^fl') as r | 1, which may be proved by a slight modification of an argument in [10] , implies that
Therefore, an argument analogous to that in the proof of Theorem I is sufficient to prove the present theorem, and we omit the details. The following lemma is the Abel-analogue of Chacon's maximal ergodic lemma [4] . 
4* The Abel-maximal ergodic theorem-Throughout this section it is assumed that T maps, in addition, L°°(Ω) into L°°(Ω)
Hence there exists a positive real r with r < 1 and an integer n ^ 0 such that
But this implies [2] that
Hence Chacon's maximal ergodic lemma [4] completes the proof of the present lemma. Before the proof we note that the positivity of T is not necessary in this theorem. This follows from [6] .
Proof. It may and will be assumed without loss of generality that / is a nonnegative function. Since
\im(l -r)±r"i = μ(Y)>0,
it suffices to prove that the function Λ* defined by
belongs to L V {Ω). But it follows easily from the previous lemma that for each a > 0,
a J{h*>a} Thus Theorem 2.2.3 in [9] completes the proof of Theorem 3. Using Theorem 1, it may be readily seen that for any uniform sequence k l9 k 2 , and for any fe L P (Ω) with 1 ^ p < oo, the limit exists and is finite almost everywhere. This together with the above theorem implies at once the following Abel-mean ergodic theorem. Proof. It follows from [12] and [15] that there exists a σ-finite measure v on (Ω, &) such that (Ω, & 9 v) . Since φ is y-measure preserving, it follows from the previous arguments that the limit (1) exists and is finite y-almost everywhere. This together with (c) implies the m-almost everywhere convergence of (1) . To prove that fe L P (Ω, & 9 m) , it suffices to show that for any nonnegative function / in L P (Ω, & 9 m) , the function h defined by
is invariant under φ, and hence (b) implies KeL p (Ω, & 9 
m).
The proof is complete. THEOREM 6. For a measure preserving transformation on a probability space (Ω, &, m) almost everywhere with respect to m', from which (β) follows immediately.
(β) implies (T): Obvious. (7) implies (a): Suppose that (7) It follows that for each positive real r with r < 1, Since / is bounded, this contradicts our assumption, and hence φ must be weakly mixing. This completes the proof of Theorem 6.
